LIG

Solutie : f

Jdx=?
(x +1

(x +1—1))
(x*+1)
2.f (F+x>+1)dx=?

dx=x—arctg(x)+C

Solutie f dx+_f dx-l—fdx— 4—+3 +x+C

f((2xl+l)) dv=7

Solutie : .
Observam ca In(2x+1)

1
=7
4.f(4x+5)dx :

Solutie

o . . : 1l . . :
Se rezolva in mod similar cu cea de mai sus numai ca, vom pune 7 fataintegralei deoarece
1
(4x+5)

1 _1 |
f((4x+5))dx_zf(1n(4x+s)) dx=In(4x+5)+

=(In(4x+35))’

5. )dx=?
f \/ 2x* +3)

Solutie :

! De obicei cand intalnim radicalul la numitor derivam si observam ce forma obtinem :
Pentru cazul nostru observam ca :

( /2X2+3),=4X - =2X -
2V2x3+3 V2x’+3
ceea ce reprezinta exact valoarea din integrala

dx= [ (V2x2+3) dx=V2x*+3+

6. [ *——dx="
Vax242
Solutie :
2
(/5x2—|—2)'=10X : _5x : vesulta : =(\/5x +2),
2V5x 42 V5xP+2 5242 5

A 5] (Is¢ 12) dr=sV5x2 4+ 24+
Vst 5



8.f cos(3x )dx=
Solutie :
Daca derivam, (cos(3x))'=—3sin(3x)

Dar(sin (3x)) '=3cos(3x) rezulta cos(3x)=(§in(3x))'

Decif cos(3x)dx=%f (sin (3x)) 'a’x=% sin(3x )+

9.I=f(x2+2x+1—)dx,x<0; I=?
X
Solutie :
1
I=| xX*dx+ [ 2xdx+ | —d
fx X f X dx fx X

3
I=;C—+x2 +In(—x)+ g

! Observatie : Rezultatul contine In(—x ) pentruca din ipoteza stim ca x <0.

10.1=f(x+1—)dx,x>0,- [=?
X

Solutie :
I=fxdx+fdx X —+In(x)+gp
! Observatie: In acest caz rezultatul continen (x) pentru ca x <0.
11.1=jx_3dx x>0, I=?
x° ’ ’ '
Solutie :
I= f 3—5 —+3fdx
- - 1, ,x°+1
=[x tders [ xde=t s +
fx w3 [ tdv= T3 T e
1 3
3 4x°

12.I=f (asin(x)+bcos(x))dx,; a,beR,; I=?
Solutie :
I=af sin(x)dx+bfcos(x)dx=—acos(x)+ bsin(x)+ g

30722 ve(0.T); 1=
sin“( x)cos™ (x) 2
Solutie :
Scriem cos(2x) cosz(x) sinz( )siobtinem:
7= J«cosx —sin’ (x) —f )y
sin’ (x) cos®(x) sin’(x) cos’(x)
dx dx
1= - T —=—cg(x)-1g(x)+p

sin’ (x) cos”(x)



1
V1—4x? 2’

14.7= &

N|>—‘

Solutie

h—

1—arcsm (2x)+gp

Verificare :( ; arcsin(2x)) '=

_11
2\/12 2x

2 1

15 1= [ (F— )dx, x€(0,7);

sin“(x) cos*(x)
Solutie :

dx
1=2
fsinz(x cos’(x)

4 4
16. I = —, =), I=?
i RNy
Solutie :
1 se mai pote scrie si astfel :

I=f dxz_:2 = %arcsin —

+f dx =—2ctg(x)+1tg(x)+gp

Verificare : (;— arcsin (i—x)) '=

17.1= [ 4

-

Solutie :

1= =

—arcsin(£)+p
22 2

dx
18.7/= s I=?
J'xz+4
Solutie :

dx 1 X
I—f Y —Eartcg(z)h@

dx
4x*+1
Solutie :

dx 1
[=| ————=—arctg (2x)+
I(zx)2+12 g (2 Hp

- I=?

19.1=



20.7=[ (Vx+¥x+Vx)dx, x>0, I=?
Solutie :

1 L L
I=f x° a’x+fx3 dx+fx4dx
1

R 3+1 jT+1
=% +)IC +X
L R R
3
3 4 3
x x X
I=—+—+—+
34 s ¥
2 3 4
_2_ 3 3_3 4 4_4 5
1—3\/;4—4 x+5 X +p
I=2—x\/;+3—x%/;+ix4\‘/;+go
3 4 5
2 3
21I1=| (==—>=)dx, x>0, I=?
e
Solutie :
_1 1 5 -5
[=2x 2dv—3[x 3dx=2i1—+1 —3’i1_
2 3
_ 2
2+x 3x*
1 2
[=— %+
2 3 F

22. 1= (2"+e")dx,xeR; I=?
Solutie :

I=f 2xdx+f exdx=?n

X

+e'+
2 ¢

! Amobservat ca (2°)'=2"In2, deci 2= (')

n2

23. 1= (2¢"=3")dx,xeR; [=?

Solutie :
X X X 3
=2 dx— | 3 dx=2e — +
fe X f x=2e 3 ©

Verificare :(2e*—3") '=2 ex—;;ng =2e¢ 3"

X

24.1=fdf L xe(=1,1); I=?
[l
Solutie :
=L —a=lnp= ‘+go=ln =1,
=1 2 x+1 x+1




25 1= % xen; =7
e

Solutie :
I=f e “dx=—e "+

(x*—1)*

26. [= [ —dx, x>0; [=?
X

Solutie :
(x2—1)2 ! 2x2+1

f—dx 2f—d +f—dx [ 1ax— 2f dx+j—dx

I=fdx+2fx_ dx+fx_ dx=x+2——1—3+p
X 3x

1—V1-x°
27. 1=f127dx, xe(=1,1); I=?

—X
Solutie :
I=f(1 \/1— fdx _j
—x" 1-x (N
1 .
I——Eln | —arcsin (x)+
Dar, tinand contca x€(—1,1), Iva fi:
_ 1. x—1, .
I= 2ln(x+1) arcsin (x)+
28. I= f3+”+ YER; I=?
Solutie :
7= f \/x +4 )dx _3J~dx J‘dx
X +4 xX’+4 x’+4 X’+4
I=;—arctg(5)+ln(x+\/x2+4)+go
cos’(x) ™
29. = dx,x€(0,—); I=?
fcos *(x) ( 2 )
Solutie :
dx =t (x)+
cos’(x)
30, 1=[H_—— vewm; =7
Vx*+25
Solutie :
dx

—ln‘x+\/x +5 |+go



Integrarea prin parti

'Nu din parti :D
Formula:

[ fg'de=f-g—[ frgdx

Sd se calculeze integralele:
1. flnxdx,x>0

Solutie :
Alegem f(x)=In(x), g'(x)=1. Deaici:

frlx)=1,  glx)=x
Folosind formulaintegrarii prin parti, obtinem :

fxln )dx= J.xln )dx=xIn(x fx—dx—

=xin(x)—x+gp

2. fxln )dx, x>0
Soltuie :

Alegem f(x)=In(x), g'(x)=x. Inconcluzie :
, 1
Frx=k g =2
Aplicam formula integrdrii prin pdrti
2
fxln(x)dx=fln(x 2 X yrdv=1In(x) _l fx -—dx—

2
X 1 o
=X (x)-1 2+
> n(x) 2 X +p

3. [ In*(x)dx, x>0
Solutie :
Notam f(x)=In*(x), g'(x)=1.Deci:

, 2
f1(0)=2 n(x), glx)=x
Gasim .'fln dx—fx In(x)dx= xln 2f1n

=xIn’(x Z‘fln (x)dx Folosind ex 1. obtinem :
fln dx xIn® (x)=2(xIn(x)—x)+p =
=x(In’(x)=2In(x)+2)+p




4. f x” In(x)dx, x>0

Solutie :
f(x)=In(x),g (x) x’siavem :
, 1
Frx=t gx=2
Apllcand formula obtinem :
3 3
1 x
| d— —— —d=—1 — Tt =
[+ In(x)de=(3 e sdr=min -z e
=;C— ln(x)—;— X+
In(x)
5. ) ——+d
I3
Solutie :

fx)=In(x), g (x)=

f(x)=" g (x)=In(x)

Aplicdm Sformula :

fin( dx f In(x ln(x)dx=1n2(x)—f)171n(x)dx
Observam cdf n_ fln , deci
2fln dy=In’(x)+g, in final :

fl—n( x) dx=1— In’(x)+gp

X 2

6. fxzexdx,inR

Solutie :

f(x)=e", g'(x)=x"" atunci:
3

[(x)=e", g(x)=

deci :

3 3
fx e'dx= f —) ’-exdx=§—ex—;—f x*-edx
Observam ca mz‘egrala astfel obtinuta este mult mai complicata
Atuncivomalege f(x)=x>g'(x)=¢€" cu

fl(x)= 2X ,g(x)=
Deci : fx e“dx= fx )" dx=
—xe—2fxedx

Aplicaminca odata formula deintegrare prin parti si alegem :
f(x)=x,g'(x)=¢" astfel incat :
f'(x)=1, g(x)=e"siobtinem:
fxe dx= fx ) dx=xe —fe x'dx=xe'—e' +p
In final :
fxzexdx=x2ex—2(xex—ex)+p=
=e" (¥’ —2x+2)+p



7. f(xz—Zx—l)exdx, XER
Solutie :
Consideram f(x)=x"—2x—1sig'(x)=e"cu

f'(x)=2x=2sig(x)=e"
Aplicind formula obtinem :

f (x2—2x—1)exdx=f (x*=2x—1)(e")" dx = newkine =(x2—2x—1)ex—2_[ (x—1)e"dx
Luand separat :
f (x—l)exdx=f xexdx—f e" dx= (conformex6)=
=xe'—e'+p
In final :
f (x’=2x—1)e"dx=(x"—2x—1)e'—2xe"+4 ' +p =
=e* (¥’ —4x+3)+p

8. fxsm Jdx, xER

Solutie :
Notam f (x)=x

f(x)=1,
Deci : fxsm(

, g '(x)=sin(x)si avem:

g(x)= —COS( )

dx f —cos( =
——xcos(x)—f —cos(x)dx=
=—xcos(x)+sin(x)+p

9. fxzsin(x)dx,xeiR

Solutie :
f(x)=x",g"(x)=sin(x

S

)—
- f'(x)=2x,g(x)=—cos(x), integraladevine :

),
fxz sin (x) dx fx )") dx=

(

(x

=—x" cos(x)— 2f xcos( )dx, notam 2f—xcos(x)dx=['
(

co
—Co
I'=2f xcos (x)dx=2int x (sin(x)) "dx=
=2xsin (x 2fx (sin(x))'dx=

=2xsm( )+2cos( )+ o
Finalizare :

_f x”sin (x) dx=—x"cos (x)+2xsin( x)+2cos(x )+

10. fsm )dx, x€R

Solutie :

Ludm f (x)=sin’(x) si g’ (x)=1-

— f'(x)=2sin(x)cos(x)=sin(2x) si g(x)=

fsm Jdx= f )’sinz(x)dx=xsin2(x)—fx-sin(2x)a’x notam fx~sin(2x)dx=1'

I’=5fx cos(2x))’dx=% xcos(2x)—;—f cos(2x)dx=

=;‘—xcos(2x)—%sin(2x)é—+g{)

Finalizare :

cos(2x), 1 .
5 ) 4sm(2x)+go

_fsm )dx=x(sin’(x)—



11. fexsin(x)dx,xeiR
Solutie :
Notam f (x)=¢", g'(x)=sin(x)—

— f'(x)=e", g(x)=—cos(x)
In concluzie :

[=fexsin dx—fex (—cos(x))dx=
=—e¢" cos( +fe cos ( )dx notam fexcos( Ydx=1"
I'=fe-s1n x))"dx=e"sin( fe sin(x)dx dar fe sin(x)dx=1
Deci .
I=—¢" cos(x)+e" sin(x)—1+gp
[=;—ex(sin(x)—cos(x))+go

Obs: I'->citim I “prim” si nu I “derivat”
->l-am ales ca pe o notatie

12. f Vx2—9dx, x>3
Solutie :

1= ”ﬂ"'fxz— 9

dx= (am ra,tionalizat)=f el

2
X
= dx—9 unde I=1,—1
b i "
I,
1,= 9'ln|x+\/x2—9‘
Pentrua calcula I, notam f (x)=x,g'(x)=(Vx*=9)" adica g'(x)=22 =x2 unde:
’ 2vVx*—9  x*-9
£ (x)=1 si g (x)=\x"=9
dx fx \/x— "dx=
2=
=xVx —9—_[\/x —9dx=xVx2—9—1, Dar I=1,—1,—
—>]=x\/x2—9—[—91n‘x+\/x2—9‘—>
—>I=;—(x\/x2—9—9ln|x+\/x2—9|)+go

Formula generala:

fsz—azdx=;—(x\lxz—az—azln|x+\/x2—a2|)+go, x€[—a,al,a>0

In concluzie: f \/




13. I= [ Vx’+9dx, 1=2
Solutie'

= s m
_fx

J‘ dx
x+9
I, I
I,=9In(x+Vx’+9)+p
Tema : Calculati 1, folosind ex12

Finalizare : I=;— (x\/x2+9+ OlnVx*+9)+p

14. f Vo9—x’dx, xe(-3,3)

Solutie :

9_
I=f\/9—x2dx=f\/$ dx=
1 X
=9 dx— d.
I\/9—x2 * J4\/9—x2 ’

I

I

1 =9arcsin(§—)+go

=] x2 dx

=

Observamca: (V9—x*
\/9 —x’

Deci I, se poate calcula prin parti astfel :
12=_[ —x(m) "dx =—X\/9—x2+f Vo— x2dx
Finalizare :

I=1—-1,= 9arcsm +x\/ﬁ 11—

—>[=;—(x\/9—x +9arcsin3—)+p

Formula generala:

f\/az—xzdx=;—( Va'=x'+d’ arsma X+ x€[—a,a],a>0

15. f xe™dx, x€R
Solutie :

Notam f(x)=x si g'(x)=e™ = f'(x)=1 si g(x)=;—e

2x

]=f xezxdx=;—fx (™) "dx=

xezx—;— f e dx=

=1_
2
=;—xezx—i—ezx+go —>—>I=;—e

2

[=;’_€2X‘(




16. f x\/x2—9dx, x>3

Solutie :

I= fox— 9dx f dx—
=J'\/xz—_9dx—9f\/xz—_9dx unde 1,=9Vx*—9

I 1,

Pentru a calcula I, notam f(x)=x"si g'(x)= -

— f(x)=2x si g(x)=Vx"=9
Deci :
—fx ) dx= x° 2—9—2fx%dx=
=x \/xi— 21
I=1,—L=x"Vx*~9-21-9Vx*—9
1

I=3—(x —9)\/x —9+p

17. f e’ cos(x)dx, xeéR
Solutie :

Notam f (x)=cos(x) si g'(x)=e" = f'(x)=—sin(x) si g(x)=
Integrala devine:

I—f e*cos(x)dx= f (ex) ’cos(x)dx=

=e"cos fe —sin(x))dx=
=e"cos +fe sin ( )dx’
g
1

Pentru a calcula integrala 1' folosim iarasi formula de integrare prin parti astfel :
f(x)=sin(x) si g'(x)=e" - f'(x)=cos(x) si g(x)=e"

1'=] (e")'sin(x)dx=e"sin(x)— [ ¢"cos(x)dx

In colncluzie :

I=e'cos(x)+e'sin(x)—1—

X

—»]:Z—(cos(x)+sin(x))+80

18.farcsin(x)dx, x€(—1,1)
Solutie :
Alegem f(x)=arcsin(x) si g'(x)=1- f'(x)=

Asadar :
I=f arcsin (x)dx =f (x)"arcsin (x)dx =

1

1—x

= si g(x)=

. X
=x-arcsm(x)—f

T — dx

Observimea: (V1—x7)'= —ic/ — in concluzie :
—X

I=xarcsin(x)+f (V1=x7)"dx= xcodtarcsin(x)+\/1—x2+50



19. fsm )dx, x€NR
Solutie :
Met I : Notam f (x)=sin(x) si g'(x)=sin(x)—
— f'(x)=cos(x )Sig( )=—cos(x)
I= fsm )-sin ( dx—fsm (—cos(x))dx=
=—sin(x)cos(x +fcos (x)dx=  Darcos’(x)=1—sin’(x) deci:
fcos dx—fdx fsm )dx  Finalizare :
sin (2x)

I=—sin(x)cos(x)+x—1, dar sin(x)cos(x)= 7

Deci :

1=)2£—41Tsin(2x)+p

Met I : Notam f(x)=sin’(x)si g'(x)=1—
—>f (x)= 2sin( Jeos(x) si g(x)=
I= f 'sin’ (x) dx=x-sin x)—f 2x-sin (x)cos (x)dx

I =xsin’( —f x-sin (2x)dx

Folosim iarasi formula de integrare prin parti:

Notim f(x)=x si g'(x)=sin(2x) = ["(x)=1 si g(x)=—;—cos(2x)

x(—;—cos(2x)) "dx= —;—xcos(Zx)%—%f cos(2x)dx

I=f xsin(2x)dx=f Z,I=x-sinz(x)+;—xc0s(2x)—i—sin(2x)+go =
=)2C—(2sin2(x)+cos(2x))—‘1Tsin(2x)+go

Dar cos(2x)=cos’(x)—sin’(x), dec:
2sin’(x)+cos (2x)=2sin’(x)+cos’(x)—sin’(x)=1

Finalizare :
I=£—1—sin (2x)+
2 4

20. farctg(x)dx, XER

Solutie :
Folosim notatia: f(x)=arctg (x) si g'(x)=1 — f’(x)=1+ > si g(x)=
x
Obtinem :
x
I=f arctg(x)dx=f (x)’arctg(x)dx=xarctg(x)—f P dx
X

Printr-o oarecare intuitie matematica observam ca:

1 21,
[Eln(1+x )]'=

5, asadar :
+x

I=x-arctg<x)—;—ln(1 +x°)+p



Exercitii propuse

Calculati integralele:
l.fxexdx,xEER

2.fxgehdk,x69{
3.f(x——1fexdx,x€9?

3. [ (x*=3x+2)e"dx . xeR
5.f(x—2)zezxdx, xER
6.fxcos(x)dx, x €N
7.fxzcos(x)dx,x€9?
8.fcos2(x)dx,x€ER

9. [ ¢™sin(x)dx, xeR
Hlfo2—25dx“x>5

1. [ Vx*+196dx, xeR
12. [ V36 —x"dx, x€(—6,6)
BR[XVf—25de>5
14. [ ' (—cos(x)) dx, xeR
IS.I arccos (x)dx, xe(—1,1)
16.f arcctg (x)dx , x€R



Metoda substitutiei

Prima metoda de schimbare de varibila

Probleme rezolvate:
Sd se calculeze, folosind prima metoda de schimbare de variabila,
primitivele urmatoarelor functii:

Lro=2tl yew
x+x+7
Solutie :

Notdam x*+x+7=t si derivam:
(X +x+7) de=t"dt — (2x+1)dx=dt
Integrala devine :
2x+1 dt
=) =———dx=\| =—=Inlt|+
f X+ x+7 f t i+
Revenind la substitutia facuta avem :

I=In(X’+x+7)+p

=2x+3

- xeR
x+3x+1

2. f(x)

Soltie :
Notam x*+3x+1=t si derivam:

(> 4+3x+1)"de=t"dt - (2x+3) dx=dt
Integrala devine :

2x+3 dt
i
In final revenim la substitutie :

I=In(x*+3x+1)+p

_4x+2

> xER
X +x+2

3. f(x)

Solutie :
Notam : x*+x+2=t astfel :

(x*+x+2)'=t"dt » (2x+1)"dx=dt|-2 = (4x+2)dx=2 dt
Integrala devine :

=/ tz—dt=21n|t|+go=lnt2+go

Finalizare :
I=2In(x"+x+2)+p



=sin(x)

XENR
1+cos’(x)

4. f(x)

Solutie :
Notam cos(x)=t, derivam:
—sin (x)dx=dt — sin(x)dx=—dt
Deci : I=f81n(x)2 dx=f _dt2=
1+cos™(x) 1+¢
=—arctg(t)+p
Finalizare :
I=—arctg(cos(x))+p

5. f (x)=tg(x), x€(0. ")

Solutie :
Notam cos(x)=t, derivam :
—sin(x)dx=dt — sin(x)dx=—dt

Obs : Am folosit faptul ca tg(x)=zlons(x) astfel :

sin( x) .
cos(x)

I=f tg(x)dx=f

Finalizare :
I=—In(cos(x))+p

=ft‘i=—1n(¢)+go

Solutie :
Met I :

= 1 tgz(X) X = 1— X X = dx— X )ax
I_f(tg(x)+tg(x) )d J1(tg(36)+tg( Nd thg(x)Jr%—#ftg( )d

, x€(0,

>)

SE

I
I, :

I, =f Ctg(x)dx=f SCI(:((;C))

Notam sin(x)=t — cos(x)dx=dt—

dx

11=f ;Z—t=ln|t|+go =In(sin(x))+ @

[2=I tg(x)dx=fii:S(();))

Penru a rezolva integrala I, vom proceda in mod analog
Temd : Rezolvati integrala I,

Trebuie sa gasiti ca : I,=In(—cos(x))+gp
Finalizare :

I=In(sin(x))—In(cos(x))+ sau
I=ln(s1n(x)
cos(x)

)J+p=In(g(x))+p



Met II :
7= f l—l-tg J‘ 1 )" dx

Obs : Am zntuzt foarte 51mplu faptul ca:

2 -2 -2 2
197 ()= (x) s1n2(x) =s1n2(x)+cos (x) _1 :
cos’(x) cos’(x) cos”(x) cos”(x)
Asadar si prin urmare...
Notamtg(x)=t — (tg(x)) dx=dt
I=In |t|+go
Finalizare :
I=In(1g(x))+gp
7. f(x)=x’ ", xeR
Solutie :
Notam x’¢* =t derivind constatim :
4-xe =dt - x° eXAdx=j—t
In aceste circumstante...
I=[xe"dx ——f———ln|t|+go
theend... I=41‘—ln(ex4)+go
8. f(x)=sin(x)-cos*(x), x€R
Solutie :
Folosim notatiacos (x )=t — —sin(x)dx=dt
Utilizam formula de schimbare devariabila :
3
I=f sin(x)cosz(x)dx=_f —tzdt=—;—+p
Revenim la schimbarea de variabila :
3
= _Cos (x) o
3
9. f(x)=sin’(x)-cos’(x), xEN
Solutie :
Notam cos( )= t — —sin (x)dx=dt
I= fsm )-cos’ dx—fsm )-sin (x)-cos’ (x ) dx=
—f l—cos( ))sm( )-cos’ (x )dx——f(l—t2)~t3dt=

—f NVar=[ Fdi— [ di=

Z‘ t
=4
6 4 ¥
Finalizare :

cos’(x) _cos4(x)
6 4

[= + 60



10. £ (x)=rg ()12’ (x), xel . )

2
Solutie :
Amintimdin ex6:
1 sin’(x)+cos’(x) _cos’(x) sin’(x
(1g (x)) =y =S I eOS (1) 08 1) SOy oo
cos (x) cos (x) cos (x) cos”(x

Notam tg (x )—t—> (1+1g”(x))dx=dt
I= Itg +tg )dx=ftg(x)(1+tg2(x))dx=

=J' Zdl‘=2—+g0
_tg’(x) I
1= tp=rtg (x)+gp

!0bs:Pentru a beneficia de un punctaj maxim in cazul rezolvarii
unui exercitiu matematic, trebuie sa aducem solutia sub forma cea
mai simpla.

Vx
11. f(x)= , X
Vi—x’
Solutie :
Notdmx\/;=t_|2 - (xVx)=x'=r
Derivam, (xx/x)’dx—dt

Dar (xVx)'=Vx+3X— Woln \/ , deci :
x
g—&dndt —>\/x-dx=3—dt

integrala I=f Vx

-
I'=f%dt

312"

=§—arcsin(t)+go

€(0;1)

dx devine

Revenind la schimbare de variabila facuta obtinem:

I=§—arcsin(x\/;)+go

, XER

12. f(x)=%

Solutie :

I+x

Notam :x'=t — 2-xdx=dt — xdx =gl—t

12x

- dx devine prin schimbare de variabila :

,ldt

— arctg( )+ %)
Revenznd la schzmbarea factuta obtinem:

I=;—arctg(x2)+50



Vx

13. X)= , x>0, x€ER
f( ) /—x
Solutie:

1
Notam~ x=t —
olamv x 2\/

Integrala devine::

I= f—dx_fze’dt=2ef+go

dx
—dx=dt - ——2dt
AT

Revenu_ad la schimbarea factuta obtinem :
[=2e""+p

2x

14. f(x)=¢% —, x<0, xeR
V1i—e™

Solutie :

Notam e™=t — 2™ dx=dt —

2x dt

2 4 2 2
e’=t |- e=t —>exdx=2—

2x

2 1 1 1 .

In concluzie: ]=f‘2—dx=—_f—dt=—arcsm(t)+go
Vi—e™ T 2712 2

Revenind la schimbarea de variabila obtinem:

I =;—arcsin (e™)+p

tg(x)

15. x)= ,XE —E,E
10=8 el 5
Solutie :
Notamtg (x)=t — de=dt
cos (x)

Prin schimbare devariabila :

= J‘COS

Revenmd la Schimbarea facuta :

dx=fetdt=et+go

I=e*Y+ 0
16. f(x)=V1+x*, xeR
Solutie :

Incercam notatia 1+ x*=t — 2xdx=dt — xdx =622’—t

Tragem de aici concluzia ca in acest caz metoda schimbarii de variabila nu ne
prea surdde.Incercdm sd folosim metoda integrdrii prin parti....poate,poate...

- P, 2
I=f \/1+x2dx=f (x)’\/1=x2dx=xvl+x2—f ic+ ~dx=
x

=X\/1+ J"X‘Fl d—flxzﬁdx)—’

> I=xV1+x*—T+In x+\/x2+1)+go
2- 7=xV1+x’=In(x+Vx'+1)+p

Finalizare :

=;—(x\/1 X+ In(x+ V' +1))+p




sin (2x)

, XER
sin(x)+3

17. f(x)=

Solutie
Alegem sin’(x)=t — 2-sin(x)-cos(x)dx=dt
Dar cunoastem faptul ca 2 sin( x)cos(x)= s1n(2x) deci :
sin (2x)dx=dt iar sin’(x)=(sin’(x))*=¢
Dupa toate acestea...

sin ( 2x dt
= JI sm _J.t 2437

1
= 7=—~arctg —_+go
J £+(\3)7 V3 V3
Revenim asupra schimbarii facute :

sin’(x)

—l—arc —
[—\/§ tg(\/?’ )+

18. f(x)=xtg(x’), x&(—
Solutie

SIE
SE

I=f xtg(xz)dx=;—f tg(t)dt=

=lfw(t)dt

2 Y cos
Folosim o noua schimbare de variabila:
cos(t)=a — —sin(t)dt=da — sin(t)dt=—da

1= [ 2 =T n(a) o= -n (e + p=-In (Feos])
2
In final I=—In (Veos (x?) )+ saul= ln(Lgx))_uO
cos(x”)
19. f(x)=—— xen
x +x+1
Solutie :
2 (o2, 2x1 1y 1 _
Obsca:x +x+1=(x +2 +4) 4+1
123
—(x—|—2—)—|—z
dx
[= e
f\/x+2+x+l I( L ) (()
X+ 5
Notamx—i-;—:t — dy=dt
2 2
I= dt =lnt+\/(x+l—) +(£) +p
G 2"



In final:

_ 1. 1.2 V37
I—ln[(x+5) +\/(x+2—) +(2—) |+ sau

2

I=ln[(x+;—) VP x+1]+ g

1

20. = 1
fx) xIn(2x)’ =
Solutie :
2 dx
Notam : ln(Zx) t - =—dx=dt > —=dt
2X X
= xln 2x '

I se tmnsforma prinschimbare devariabilain :

I '=J| td—t =In|t|+ ¢ Revenimla schimbarea facuta :
I=In(In(2x)) o

! Obs : Modulul a disparut pentru ca x>1

Exercitii propuse

Calculati primitivele urmdatoarelor functii, folosind prima
metodda de schimbare de variabila:

3x+1

1. f(x)=3—,x€§R
X +x+2
2x+3
2. x)=——,x€R
fx) X +3x+6
6x+3
3. X)=——,x€NR
/() x*+x+9
4, ij)=99ﬂg%r——,x€9{
1 +sin”(x)

5. f(x)=ctg(x),x€(0,;—r)

6. rlx=l28") o

2 (x) >

7. x)=——— x>e> xeN
f( ) X +5x+12

8. f(x)=—=-sin(Vx), x>0, xeR

X

9. x)= CXER
/() X1
\/—

10. f(x)=¢% — = ¥>0, xeN

11.f(ﬂ=xe2,x€%



Integrarea functiilor rationale simple
Probleme rezolvate:

Sa se calculeze primitivele urmdatoarelor functii:
L fx)
Solutie :
fx-ll-l dx=In|x+1|+p=In(—x—1)+p

= s x<—1
x+1 ~

X

e p— —1, x€
GrD(axrn) LR

2. flx)=

Solutie :
Calculul primitivei acestei functii presupune mai intai
descompunerea ei in functii rationale simple, adica:

X A B

(x+1)(2x+1) x+1 2x+1

Dupa ce aducem la acelasi numitor obtinem:
X _24x+A+Bx+B de fapt

(x+1)(2x+1)  (x+1)(2x+1) '

x+0=x(2-A+B)+ A+B

Trecem la identificarea coeficientilor:

{ Zf;f;l pentru ca coeficientul lui x este 1 iar coeficientul liber este 0.

Rezolvand sistemul obtinem:
A=1siB=—1
11
(x+1)(2x+1)  x+1 2x+1

Jdx =

Ajungemla concluzia : , prinurmare::

[ rio)=fE—-1

x+1 2x+1
_ dx  rdx _
x+1 2x+1

=ln(x+l)—%ln(2x+1)+go=

+1
=In(Z +
(\/2x+1) ©
3. flx)=———, xen
X +2x+3
Solutie:

Calculam radacinile polinomului f.
—voi folosi in loc de litera grecesca delta pe D
D=b"—4ac=4—12=—8<0 — f are radacini complexe.
Datoritd acestui fapt incercam scrierea lui sub forma de suma de patrate.
XCH2x4+3=x"+2x+ 142 =(x+1)*+(V2)
+1 Propunator: prof. Gheorghita Adrian Stefan

_ [ ST &
J‘f(x)—f )2+(\/§)2 _\/Ea tg(\ﬁ )+SO

(x+1
e-mail: Yuryashy@yahoo.com







